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Vertices x and y in the same graph are called partners if there is a set S of three 
vertices such that both Su {x} and S u { y ) induce a chordless path. If the vertices 
of G can be distributed into two disjoint classes in such a way that every two 
partners belong to the same class and that each class induces in G a perfect graph 
then G is perfect. This theorem generalizes two theorems that were proved before, 
one by Chvatal and Ho$ng, and the other by Hating alone. % 1987 Academic Press, 
Inc. 
The purpose of this paper is to provide a common generalization of the 
main results of the two papers [2, 31 preceding it in the same series. Terms 
not defined here may be found there; we only recall that P, denotes the 
(self-complementary) graph with vertices a, b, c, d and edges ab, bc, cd. The 
two previous results are as follows. 
THEOREM A (=Theorem 1 of [2]. Let the vertices of a graph G be 
coloured red and white in such a way that each induced P, has an even num- 
ber of vertices of each colour. Then G is perfect if and only if each of its two 
subgruphs induced by all the vertices of the same colour is perfect. 
THEOREM B ( = Theorem 3 of [3]). Let the vertices of a graph G be 
coloured red and white in such a way that 
(i) no induced P, has precisely two vertices of each colour, 
(ii) if an induced P, has precisely three vertices of one colour then at 
least one of these three vertices belongs to no monochromatic induced P,. 
Then G is perfect if and only if each of its two subgraphs induced by all the 
vertices of the same colour is perfect. 
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The generalization involves the following notion: vertices x and y in the 
same graph are called partners if there is a set S of three vertices such that 
both S u {x} and S u {v} induce a P4. If the hypothesis of Theorem A or 
Theorem B is satisfied then obviously any two partners have the same 
colour. Hence the following result implies both Theorem A and 
Theorem B. 
THEOREM 1. Let the vertices of a graph G be coloured red and white in 
such a way that every two partners have the same colour. Then G is perfect if 
and only if each of its two subgraphs induced by all the vertices of the same 
colour is perfect. 
The conclusion of Theorem 1 is not a tautology only if each of the two 
colours is assigned to at least one vertex; we shall call such colourings non- 
trivial. A straightforward polynomial-time algorithm, given any graph G, 
either finds a nontrivial colouring that satisfies the hypothesis of 
Theorem 1, or establishes its nonexistence. To see this, consider the partner 
graph of G that has the same vertices as G, with any two vertices adjacent if 
and only if they are partners in G. Trivially, the hypothesis of Theorem 1 
can be satisfied by a nontrivial colouring if and only if the partner graph of 
G is disconnected; futhermore, if G has n vertices then its partner graph can 
be constructed in O(n’) steps. 
Two perfect graphs on which only trivial colourings satisfy the 
hypothesis of Theorem 1 are shown in Fig. 1. 
A perfect graph on which only trivial colourings satisfy the hypothesis of 
Theorem A or Theorem B, and yet a nontrivial colouring satisfies the 
hypothesis of Theorem 1 may be obtained from the graph in Fig. 2 by sub- 
stituting a P, for each of vl, vZ, v3. (Here, as usual, substituting F for a ver- 
tex of v of G means taking disjoint copies of F and G - v and then joining 
each vertex of F by an edge to all the neighbours of v in G.) In the partner 
graph of the resulting graph, vO is an isolated vertex and all the remaining 
vertices form one connected component. 
We shall derive Theorem 1 from Theorems A and B combined with two 
additional results of an independent interest. First, a star-cutset in a graph 
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G is a set C of vertices such that G - C is disconnected and some vertex in 
C is adjacent to all the remaining vertices in C. The following result has 
been proved in [ 11. 
THE STAR-CUTSET LEMMA. If G is a minimal imperfect graph then neither 
G nor its complement has a star-cutset. 
Next, if some graph contains sets Q,, Q2,..., Qk of vertices such that each 
Qi induces a P, and, in case i > 2, shares at least t vertices with Qi- I then 
we shall say that the P,‘s induced by QI and Qk are t-chained. 
THEOREM 2. If neither G nor its complement has a star-cutset then every 
two induced P,‘s in G are 3-chained. 
Theorems 1 and 2 will be proved in reverse order. 
Proof of Theorem 2. We only need show that, in G, 
(a) every two P,‘s are l-chained, 
(b) every two P,‘s with a common vertex are 2-chained, 
(c) every two P,‘s with two common vertices are 3-chained. 
Proposition (a) follows instantly from Lemma 3 of [2], whose special case 
asserts that some family of pairwise l-chained P,‘s covers all the vertices 
of G. 
To prove (b), consider any two P,‘s with a common vertex, and let F be 
the graph induced in G by the vertices of these two P,‘s. We may assume 
that the two Pds are not 2-chained in F, now it is a tedious but routine 
matter to show that For its complement must be isomorphic to the graph 
F, shown in Fig. 3. 
Replacing G by its complement if necessary, we may assume that F= F, 
With S consisting of all neighbours of v3 that are adjacent neither to v1 nor 
to v2, we only need show that 
(bl) some P, with precisely three vertices in S is 2-chained to 
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(b2) every P, with precisely three vertices in S is 2-chained to 
v1v2v3w1~ 
To prove (bl), let C consist of w2 along with all its neighbors except wi. 
Note that G contains a path x1 x2 . . . xk such that xi = wi , xk 6 S, and xi $ C 
for all i: otherwise wi could be disconnected from ui by removing C. By 
taking k as small as possible, we ensure that the path is chordless and that 
X;E S whenever i< k. Trivially, k> 2; since x2 and w2 are not adjacent, 
two of w2, w3, w4 along with x1 and x2 form a P,. In particular, (bl) 
follows when k = 2. When k 3 3, set x0 = w2 and note that xOx,xz ... xk 
is a chordless path. Hence .xOx1xz~x3, which shares two vertices with 
w1 w2”‘3 w4, is 3-chained to .x~~~.‘c~~~x~-,x~. Now (bl) follows when 
k33. 
To prove (b2), label the vertices of the P, as x, yi, y2, y3 in such a way 
that x $ S. This can be done so that x and y1 are adjacent but y2 is adjacent 
neither to x nor to y,. Now at least one of xy,u,y,, u,xv,y,, v1 U~XJ~, is a 
P,, implying (b2). 
To prove (c), consider any two P,‘s with two common vertices, and let F 
be the graph induced in G by the vertices of these two P,‘s. We may 
assume that the two P,‘s are not 3-chained in F, now it is tedious but 
routine matter to show that For its complement must be isomorphic to the 
graph Fz shown in Fig. 4. 
Replacing G by its complement if necessary, we may assume that F= F2. 
We only need show that vi v2 v3v4 and vi v2v5v6 are 3-chained. For this pur- 
pose, let S consist of all the neighbours of vi except v2 that are not adjacent 
to us. Note that S # a, for otherwise v, could be disconnected from v4 by 
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removing v2 along with all its neighbours except vi. Next, note that some 
vertex x in S must have a neighbour y outside S such that y is not adjacent 
to v2: otherwise S could be disconnected from v4 by removing v2 along 
with all its neighbours. Since y lies outside S, it is not adjacent to ul. But 
then both v1v2v3v4 and v1v2v5v6 are 3-chained to yxv,v,. 1 
Proof of Theorem 1. Assuming that there is counterexample, observe 
that the smallest counterexample G is minimal imperfect. Say that an 
induced P, in this G is of type i if it has precisely i red vertices. By 
assumption, every two P,‘s with three common vertices are of the same 
type; hence every two 3-chained P,‘s are of the same type. Since G is 
minimal imperfect, the Star-Cutset Lemma and Theorem 2 guarantee that 
every two P,‘s in G are 3-chained. Hence all the P,‘s in G are of the same 
type. If this type is even then G is a counterexample to Theorem A; if it is 
odd then G is a counterexample to Theorem B. 1 
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